The subject of this paper is the derivation of the integrated Sachs-Wolfe (iSW) effect in cosmologies with coupled dark matter and dark energy fluids. These couplings influence the iSWeffect in three ways: The Hubble function assumes a different scaling, the structure growth rate shows a different time evolution, and in addition, the Poisson equation, which relates the density perturbations to fluctuations in the gravitational potential, is changed, due to the violation of the scaling ρ ∝ a −3 of the matter density ρ with scale factor a. Expemplarily, I derive the iSW-spectra for a model in which dark matter decays into dark energy, investigate the influence of the dark matter decay rate and the dark energy equation of state on the iSWsignal, and discuss the analogies for gravitational lensing. Quite generally iSW-measurements should reach similar accuracy in determining the dark energy equation of state parameter and the coupling constant.
INTRODUCTION
Recently, cosmological models with coupling terms in the evolution equations for the dark matter and the dark energy density have attracted interest, because these couplings alleviate the coincidence problem in an elegant way (Chimento et al. 2003; Olivares et al. 2007; Pettorino & Baccigalupi 2008; Boehmer et al. 2008; He & Wang 2008) .
The integrated Sachs-Wolfe (iSW) effect (Sachs & Wolfe 1967; Rees & Sciama 1968; Hu & Sugiyama 1994; Cooray 2002; Schäfer & Bartelmann 2006) , which refers to the frequency change of cosmic microwave background (CMB) photons if they cross time evolving gravitational potentials, is a direct probe of dark energy because it vanishes in cosmologies with Ω m = 1 (Crittenden & Turok 1996) . By now, it has been detected with high significance with a number of different tracer objects (Boughn & Crittenden 2003; Fosalba et al. 2003; Giannantonio et al. 2006; Rassat et al. 2007; Giannantonio et al. 2008) .
In this paper, I would like to focus on the derivation of the integrated Sachs-Wolfe effect for cosmological models with coupled dark matter and dark energy fluids and to show that iSW-effect acquires a dependence on the Hubble function, the matter density parameter, the growth rate and their derivatives. In this respect, the iSW-effect in coupled models is much richer than in models with non-interacting constituents, where the iSW-effect simply measures the line of sight integrated derivative d(D + /a)/da of the growth ⋆ e-mail: bjoern.malte.schaefer@ias.u-psud.fr function D + (a). Physically, the changes in the iSW-formulae are due to the fact that the matter density ρ m does not develop ∝ a −3 in coupled models, and the relation Ω m (a)/Ω m = H 2 0 /H 2 (a)/a 3 does not hold. A consequence of this is a different (time-evolving) relation between the gravitational potential and the overdensity field; and it is not clear how mechanism was incorporated in the derivation presented by Olivares et al. (2008) .
After extending the iSW-formulae to coupled cosmological models in Sect. 2, I compute the power spectrum of the iSW-effect in Sect. 3 for a phenomenological model in which dark matter decays into dark energy. A summary of my results is compiled in Sect. 4. I consider spatially flat homogeneous dark energy cosmologies with adiabatic initial conditions in the cold dark matter field. Specific parameter choices are H 0 = 100h km/s/Mpc with h = 0.72, Ω m = 0.25, σ 8 = 0.8 and n s = 1.
COSMOLOGY WITH COUPLED DARK FLUIDS

Decay of dark matter into dark energy
As an example, I compute the iSW-spectra for the coupled model proposed by Boehmer et al. (2008) , in which cold dark matter (CDM) decays into dark energy: The evolution of the dark matter density ρ m and the dark energy density ρ φ (with an equation of state parameter w) is described by the system of differential equations, with the cosmic time t as the time variable. The Friedmann constraint is given by 3H 2 = ρ m + ρ φ . The coupling constant Γ corresponds to the CDM decay rate in units of the Hubble-constant H 0 . Models with stable CDM and hence uncoupled fluids are recovered by setting Γ = 0. I reformulate the time derivatives in the system of equations as derivatives with respect to the scale factor a for introducing the common parameterisation for the dark energy equation of state (Turner & White 1997; Linder & Jenkins 2003) ,
With solutions for ρ m (a) and ρ φ (a), the Hubble function H(a) is can be obtained by integrating,
which in addition gives the definition of the critical density ρ crit (a) = 3H 2 (a)/(8πG), with Newton's constant G. Initial conditions are defined at the present epoch, H(a = 1) = H 0 , Ω m (a = 1) = Ω m and Ω φ (a = 1) = 1− Ω m . The comoving distance χ follows from the solution for H(a),
c denoting the speed of light, and the density parameters can be defined by normalising Ω m (a) = ρ m (a)/ρ crit (a) and Ω φ (a) = ρ φ (a)/ρ crit (a). Table 1 gives an overview over the dark energy models considered in this paper, in terms of their dark energy properties w 0 , w a and their CDM decay rate Γ. In the following I focus on spatially flat models with Ω m + Ω φ = 1, which is conserved in the time evolution of eqn. (1).
Structure growth in dark energy cosmologies
The homogeneous growth of the overdensity field, δ(x, a) = D + (a)δ(x, 1) is described by the growth function D + (a), which is a solution to the differential equation (Wang & Steinhardt 1998; Linder & Jenkins 2003) ,
In the standard cold dark matter (SCDM) cosmology with Ω m = 1 and 3
, the solution for D + (a) is simply the scale factor, D + (a) = a. Eqn. (5) can be applied for describing structure growth in coupled models as well, because the overdensity field, being the ratio between the density perturbation and the mean density, is not affected by e.g. CDM decay, as long as the dark energy fluid can be considered to be homogeneous and not to be influencing local structure formation. Nevertheless, coupled models influence the growth equation by the scaling of the Hubble function H(a) and the time evolution of the density parameter Ω m (a). at some early time a i (c.f. Schäfer et al. 2008) . Fig. 1 shows growth functions for the four exemplary cosmologies. Evolving dark energy has the property of suppressing structure formation at an earlier time, which can be partially compensated by CDM decay (because the gravitational fields generated by the overdensity δ(x) are stronger if Ω m (a) has a higher value), causing degeneracies between the equation of state parameters and the CDM decay rate: The ΛCDM and φ Γ CDM-models, for instance, are almost indistinguishable.
It is worth noting that models with decaying CDM are genuinely different from dark energy models concerning structure growth and probes which use gravitational interaction such as gravitational lensing or the iSW-effect. While it is always possible to construct an equation of state w(a) for a dark energy model with stable CDM that gives the identical Hubble function as a model with decaying CDM, this degeneracy is broken in the evolution of the density parameter Ω m (a) and the growth function D + (a) which both would be different in the two cases. Theoretically, combining observations of cosmic structure growth and the expansion history should make it to distinguish between the two families of models, which geometrical probes such as supernova observations alone would not be able to do.
iSW-effect in coupled models
The iSW-effect is caused by gravitational interaction of a CMB photon with a time-evolving potential Φ. The fractional perturbation τ of the CMB temperature T CMB is given by (Sachs & Wolfe 1967) 
where η denotes the conformal time. In the last step, I have replaced the integration variable by the comoving distance χ, which is related to the conformal time by dχ = −cdη = −cdt/a, and the time derivative of the growth function has been rewritten in terms of the scale factor a, using the definition of the Hubble function da/dt = aH(a), with the cosmic time t. The gravitational potential Φ follows from the Poisson equation in the comoving frame,
where Newton's constant G is replaced with the critical density
Substitution yields a line of sight expression for the linear iSWeffect τ (using the Born-approximation and assuming linear structure formation),
with the inverse Laplace operator ∆ −1 solving for the potential. The function Q(a) is given by
with h(a) = H(a)/H 0 , and has the derivative dQ/da,
i.e. the iSW-effect measures the sum of the scalings of the Hubble function, of the matter density and of the growth function, integrated along a line of sight. The time evolution of the iSW-source term Q(a) and its derivative dQ/da are depicted in Fig. 2 . All models intersect at Q(a) = Ω m at the current epoch, and models with evolving dark energy or CDM decay show higher values for Q(a) in the past. Both the models with decay and the models with evolving dark energy assume similar values for dQ/da at low and high redshifts, respectively, and evolving dark energy shifts the curves horizontally. Again, the model with evolving dark energy and CDM decay produces the highest amplitudes for the derivative dQ/da. Physically, the expression for Q(a) corresponds to the three ways in which models with CDM decay generate higher amplitudes for the iSW-effect, compared to models with stable CDM: Apart from the growth factor D + (a) and the Hubble function H(a) (due to the time derivative of D + ), the matter density has had higher values in the past, and hence the fluctuations in the gravitational potentials generated by the overdensity field δ are stronger, which is described by Ω m (a). Further interesting points include:
• The derivative dQ/da in fact vanishes in the SCDM cosmology with Ω m (a) = 1, D + (a) = a and h(a) = a −3/2 , because Q(a) ≡ 1 in this case. It is perhaps even more illustrative to look directly at the expression for dQ/da (eqn. 11) which is zero in SCDM cosmologies because (i) the logarithmic derivative of the Hubble function H(a) is equal −3/2 (reflecting the matter domination), (ii) the logarithmic derivative of the matter density parameter vanishes (due to the stability of CDM), and the logarithmic derivative of the growth function D + (a) is equal to one (a combination of the two). From this point of view, both the growth proportional to a and stable CDM are the necessary conditions that make the linear iSW-effect disappear in Einstein-de Sitter universes.
• The two cosmologies ΛCDM and φ Γ CDM, which are almost degenerate in terms of their growth rates, give rise to very different 
Q(a) and dQ/da functions, which is a result of the their dependence on H(a)
and Ω m (a), and hence to a different iSW-effect.
• In models with no coupling between the dark fluids, the matter density decreases ρ m (a) ∝ a −3 , and
applies. This allows the reformulation of the comoving Poisson equation in the familiar form,
Substitution into the line of sight integral yields the familiar equation for the iSW-effect in spatially flat dark energy cosmologies:
and Q(a) reduces to Ω m D + (a)/a with a constant Ω m .
• An analogous consideration applies to gravitational lensing: The weak lensing convergence κ in coupled models reads
which replaces the common expression (Schneider et al. 1992; Bartelmann & Schneider 2001) ,
G(χ) is the lensing efficiency function of the background galaxy sample, which itself is influenced by the Hubble function H(a).
The derivation above holds for general coupled cosmologies and is not restricted to the case of CDM decay, for which I exemplarily compute the iSW-spectra in the next chapter.
ISW ANGULAR POWER SPECTRA
In summary, the line of sight integrals for the iSW-temperature perturbation τ and the galaxy density γ read:
where I have defined the dimensionless potential ϕ ≡ ∆ −1 δ/d 
can be identified, which allow the expressions for the iSW-auto spectrum C ττ (ℓ), the iSW-cross spectrum C τγ (ℓ) and the galaxy spectrum C γγ(ℓ) to be written in a compact notation, applying a Limber-projection (Limber 1954) in the flat-sky approximation, for simplicity:
with the cross-spectrum P ϕδ (k) = P δδ (k)/(d H k) 2 and the spectrum
4 of the potential ϕ. For the CDM power spectrum I make the ansatz P(k) ∝ k ns T 2 (k), with the transfer function (Bardeen et al. 1986) ,
where the wave vector q is given in units of the shape parameter Ω m h. P(k) is normalised to the value σ 8 on the scale R = 8 Mpc/h,
with a Fourier-transformed spherical top-hat W(x) = 3 j 1 (x)/x as the filter function. j ℓ (x) denotes the spherical Bessel function of the first kind of order ℓ (Abramowitz & Stegun 1972) . The contribution of nonlinear structure formation to the power spectrum P(k) was described with the model proposed by Smith et al. (2003) , yielding the power spectrum P δδ (k), where the parameterisation of the nonlinear contribution to the fluctuation amplitude with Ω m (a) as the time variable is suited for coupled models. I use the redshift distribution of the main galaxy sample of the Dark UNiverse Explorer 1 (Refregier & the DUNE collaboration 2008) , which will observe half of the sky out to redshifts of unity and which will be of particular use for iSW-observations (Douspis et al. 2008) :
with β = 3/2 and z 0 = 0.64, which results in a median redshift of 1 http://www.dune-mission.net/ z med = 0.9. For simplicity, the bias b is assumed to be non-evolving and equal to unity.
The angular spectra C ττ (ℓ) and C τγ (ℓ) are shown in Figs. 3 and 4, respectively, for the decaying CDM cosmology outlined in Sect. 2. Differences between the cosmologies considered are not strongly scale dependent as expected for changes on the homogeneous level and observing linear structure formation, and amount to half an order of magnitude in the auto spectrum C ττ (ℓ). The cross spectrum C τγ (ℓ) exhibits differences up to a factor of two. Both spectra seem to be equally sensitive to the dark energy equation of state as well as to the coupling term Γ, and these two parameters are naturally degenerate with the fluctuation amplitude σ 8 of the density field. For the chosen redshift distribution, most of the cross signal originates at a redshift of z ≃ 1.0 (a = 0.5, c.f. Fig. 2) , where the source function dQ/da is significantly stronger in models with either evolving dark energy or CDM decay, compared to ΛCDM. The spectra show degeneracies between w, Γ and σ 8 , such that a precision measurement will have to rely on a good prior on σ 8 in order to unlock the sensitivity of the iSW-effect on w and Γ.
SUMMARY
In this paper, I extend the expressions for the iSW-effect to cosmological models with couplings between the dark matter and dark energy densities, and compute the auto and cross correlation angular spectra for a coupled cosmology, in which dark matter decays into dark energy.
• The iSW-effect reflects couplings between the dark matter and dark energy fluids by three mechanisms: The Hubble function H(a) shows a different scaling in the past, the growth equation has different initial conditions and a different time evolution, and the Poisson equation, which relates the gravitational potential to the overdensity field, is affected by the evolution of the matter density Ω m (a). The iSW-formula reduces to the familiar form if
2 (a)/a 3 is substituted, which holds in uncoupled models.
• The iSW-spectrum C ττ (ℓ) shows higher amplitudes in models with couplings as well as in models with evolving dark energy, compared to models with stable matter or those with a cosmological constant Λ. For the (extreme) choice of Γ and w the crossspectrum C τγ (ℓ) assumes amplitudes which are twice as large in dark energy models with evolving w or in coupled models, i.e. the sensitivity of the iSW-effect towards the mean dark energy equation of state parameter and coupling terms is comparable. The shape of the spectra suggests degeneracies between w, Γ and σ 8 , which all increase the overall power. For that reason, good independent priors on σ 8 are essential to constraints on w and Γ from the iSW-effect.
• Because of the weakness of the iSW-effect it will be difficult derive strong constraints on size of the interaction term, or the specific type of the coupling. Gravitational lensing, on the contrary, is equally affected by a violation of the scaling of the matter density, and is likely to yield constraints comparable to those on the dark energy equation of state parameters, possibly to an accuracy of a few percent with upcoming surveys (La Vacca & Colombo 2008) . A companion paper considers structure formation in coupled models and examins the measurement of the CDM decay rate Γ with weak lensing bispectrum tomography (Schäfer et al. 2008) .
